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Imitation learning
Let  be an (unknown) expert policy. We observe .


Pick some “distance” , and our goal is to find some


πE 𝒟 = {τ(i)}1≤i≤N , τ(i) ∼ pπE
(τ)

Δ(π, πE)

̂π Δ ∈ arg min
π∈Π

̂Δ (π, πE)
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Imitation learning
Let  be an (unknown) expert policy. We observe .


Pick some “distance” , and our goal is to find some


Example: If the desired reward  is known: 


Example: 

πE 𝒟 = {τ(i)}1≤i≤N , τ(i) ∼ pπE
(τ)

Δ(π, πE)

r* Δr*(π, πE) = 𝔼πE
[r*] − 𝔼π[r*]

ΔBC(π, πE) = 𝔼s∼dE(s) [DKL(πE( ⋅ ∣ s) ∥ π( ⋅ ∣ s))]

̂π Δ ∈ arg min
π∈Π

̂Δ (π, πE)



BC in trajectory form
Assume finite horizon , and that the learner and expert share the same  and :T p0 P

= 𝔼τ∼pπE
log

p0(s0)∏T−1
t=0 πE(at ∣ st)P(st+1 ∣ st, at)

p0(s0)∏T−1
t=0 π(at ∣ st)P(st+1 ∣ st, at)

DKL(pπE
∥pπ) = 𝔼τ∼pπE[log

pπE
(τ)

pπ(τ) ]

= 𝔼τ∼pπE[log
T−1

∏
t=0

πE(at ∣ st)
π(at ∣ st) ]

= 𝔼τ∼pπE[
T−1

∑
t=0

log
πE(at ∣ st)
π(at ∣ st) ]



BC in trajectory form
Assuming the learner and expert share the same  and :


So we may equivalently consider the “distance” .

p0 P

Δτ(π, πE) = DKL(pπE
∥pπ)

DKL(pπE
∥pπ) = 𝔼τ∼pπE[

T−1

∑
t=0

log
πE(at ∣ st)
π(at ∣ st) ] = const + 𝔼τ∼pπE[

T−1

∑
t=0

− log π(at ∣ st)]
−H(πE) ΔBC



Learning rewards via maximum likelihood
Inverse RL (Ziebart08): parametrize trajectories via rewards !Rθ(τ) =

T−1

∑
t=0

rθ,t(st, at)

Assume access to reference .q0(τ)

qθ ∈ arg max
q

{𝔼τ∼q[Rθ(τ)] − αDKL(q∥q0)}



Learning rewards via maximum likelihood
Inverse RL (Ziebart08): parametrize trajectories via rewards !Rθ(τ) =

T−1

∑
t=0

rθ,t(st, at)

Assume access to reference .q0(τ)

qθ ∈ arg max
q

{𝔼τ∼q[Rθ(τ)] − αDKL(q∥q0)}
+ Reward specification 
+ Reward transfer 
+ Preference learning / alignment 
+ Improve beyond BC



Learning rewards via maximum likelihood

=
q0(τ)exp(Rθ(τ)/α)

Zθ(s0)

Zθ(s0) = ∫ q0(τ)exp(Rθ(τ)/α) dτ
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Learning rewards via maximum likelihood

=
q0(τ)exp(Rθ(τ)/α)

Zθ(s0)

Zθ(s0) = ∫ q0(τ)exp(Rθ(τ)/α) dτ

Inverse RL (Ziebart08): parametrize trajectories via rewards !Rθ(τ) =
T−1

∑
t=0

rθ,t(st, at)

Assume access to reference .q0(τ)

qθ ∈ arg max
q

{𝔼τ∼q[Rθ(τ)] − αDKL(q∥q0)}
Aside: if  is uniform, this reduces to 

. If additionally 
dynamics are deterministic, then 

, hence max entropy IRL.

q0
𝔼τ∼q[Rθ(τ)] + αH(q)

H(q) = H(π)



Learning rewards via maximum likelihood

=
q0(τ)exp(Rθ(τ)/α)

Zθ(s0)

Zθ(s0) = ∫ q0(τ)exp(Rθ(τ)/α) dτ

θ* ∈ arg min
θ∈Θ

Δτ(qθ, pπE
)

= arg min
θ∈Θ

DKL(pπE
∥qθ)

= arg min
θ∈Θ

const − 𝔼τ∼pπE
[log qθ(τ)]

≈ arg max
θ∈Θ

1
N

N

∑
i=1

log qθ(τi)

Inverse RL (Ziebart08): parametrize trajectories via rewards !Rθ(τ) =
T−1

∑
t=0

rθ,t(st, at)

Assume access to reference .q0(τ)

qθ ∈ arg max
q

{𝔼τ∼q[Rθ(τ)] − αDKL(q∥q0)}



Learning rewards via maximum likelihood
How can we extract a policy? 

Assume:


• fixed initial state 


• finite time horizon 


• deterministic dynamics 

s0

T
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Learning rewards via maximum likelihood
How can we extract a policy? 

Assume:


• fixed initial state 


• finite time horizon 


• deterministic dynamics 


So .

s0

T

st+1 = f(st, at)

q0(τ) = pπ0
(τ ∣ s0) =

T−1

∏
t=0

π0(at ∣ st)

Zθ(s0) = ∫ q0(τ)exp(Rθ(τ)/α) dτ

= ∑
a0:T−1

T−1

∏
t=0

π0(at ∣ st)exp (
rθ,t(st, at))

α )

qθ(τ) =
q0(τ)exp(Rθ(τ)/α)

Zθ(s0)

πθ,t(a ∣ s) = qθ(at = a ∣ st = s)

=
qθ(st = s, at = a)

qθ(st = s)



Learning rewards via maximum likelihood

Zθ,t(s) = ∑
at:T−1

T−1

∏
k=t

π0(ak ∣ sk)exp(
rθ,k(sk, ak)

α )

Decompose into “forward” and “backward” components!

Bθ,t(s) = ∑
a0:t−1

t−1

∏
k=0

π0(ak ∣ sk)exp(
rθ,k(sk, ak)

α )



Learning rewards via maximum likelihood
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rθ,k(sk, ak)

α )

Decompose into “forward” and “backward” components!
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a0:t−1

t−1

∏
k=0

π0(ak ∣ sk)exp(
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T−1

∏
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rθ,k(sk, ak)
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Learning rewards via maximum likelihood

Zθ,t(s) = ∑
at:T−1

T−1

∏
k=t

π0(ak ∣ sk)exp(
rθ,k(sk, ak)

α )

Decompose into “forward” and “backward” components!

Bθ,t(s) = ∑
a0:t−1

t−1

∏
k=0

π0(ak ∣ sk)exp(
rθ,k(sk, ak)

α )

Dynamic 
programming!

Zθ,t(s, a) = ∑
at+1:T−1

T−1

∏
k=t [π0(ak ∣ sk)exp(

rθ,k(sk, ak)
α )] = π0(a ∣ s)exp(

rθ,t(s, a)
α ) Zθ,t+1( f(s, a))



Learning rewards via maximum likelihood

qθ(st = s, at = a) =
Bθ,t(s)Zθ,t(s, a)

Zθ(s0)

Zθ,t(s) = ∑
at:T−1

T−1

∏
k=t

π0(ak ∣ sk)exp(
rθ,k(sk, ak)

α )

Decompose into “forward” and “backward” components!

Bθ,t(s) = ∑
a0:t−1

t−1

∏
k=0

π0(ak ∣ sk)exp(
rθ,k(sk, ak)

α )

qθ(st = s) =
Bθ,t(s)Zθ,t(s)

Zθ(s0)
Dynamic 

programming!

Zθ,t(s, a) = ∑
at+1:T−1

T−1

∏
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rθ,k(sk, ak)
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Learning rewards via maximum likelihood

qθ(st = s, at = a) =
Bθ,t(s)Zθ,t(s, a)

Zθ(s0)

πθ,t(a ∣ s) =
qθ(st = s, at = a)

qθ(st = s)
=

Zθ,t(s, a)
Zθ,t(s)

=
π0(a ∣ s)exp(rθ,t(s, a)/α)Zθ,t+1( f(s, a))

Zθ,t(s)

qθ(st = s) =
Bθ,t(s)Zθ,t(s)

Zθ(s0)

Zθ,t(s, a) = π0(a ∣ s)exp(
rθ,t(s, a)

α ) Zθ,t+1( f(s, a))

So now we have a way to implicitly learn policies from just rewards!



Aside: soft Q-learning

πθ,t(a ∣ s) =
π0(a ∣ s)exp(rθ,t(s, a)/α)Zθ,t+1( f(s, a))

Zθ,t(s)

Zθ,t(s, a) = π0(a ∣ s)exp(
rθ,t(s, a)

α ) Zθ,t+1( f(s, a))

Define:



Vθ,t(s) = α log Zθ,t(s)

Qθ,t(s, a) = α log
Zθ,t(s, a)
π0(a ∣ s)



Aside: soft Q-learning

πθ,t(a ∣ s) =
π0(a ∣ s)exp(rθ,t(s, a)/α)Zθ,t+1( f(s, a))

Zθ,t(s)

Zθ,t(s, a) = π0(a ∣ s)exp(
rθ,t(s, a)

α ) Zθ,t+1( f(s, a))

Define:



Vθ,t(s) = α log Zθ,t(s)

Qθ,t(s, a) = α log
Zθ,t(s, a)
π0(a ∣ s)

Then:


 

 

Qθ,t(s, a) = rθ,t(s, a) + Vθ,t+1( f(s, a))

Vθ,t(s) = α log ∑
a

π0(a ∣ s)exp(
Qθ,t(s, a)

α )
πθ,t(a ∣ s) = π0(a ∣ s)exp( 1

α (Qθ,t(s, a) − Vθ,t(s)))



Aside: soft Q-learning

πθ,t(a ∣ s) =
π0(a ∣ s)exp(rθ,t(s, a)/α)Zθ,t+1( f(s, a))

Zθ,t(s)

Zθ,t(s, a) = π0(a ∣ s)exp(
rθ,t(s, a)

α ) Zθ,t+1( f(s, a))

Define:



Vθ,t(s) = α log Zθ,t(s)

Qθ,t(s, a) = α log
Zθ,t(s, a)
π0(a ∣ s)

Then:


 

 

Qθ,t(s, a) = rθ,t(s, a) + Vθ,t+1( f(s, a))

Vθ,t(s) = α log ∑
a

π0(a ∣ s)exp(
Qθ,t(s, a)

α )
πθ,t(a ∣ s) = π0(a ∣ s)exp( 1

α (Qθ,t(s, a) − Vθ,t(s)))

In the stochastic dynamics 
case, instead we get 
𝔼s′￼∼P(s′￼|s,a)[Vθ,t+1(s′￼)]



Reward learning is underspecified
Is there a reward that rationalizes the demonstrations?


RL(r) ∈ arg max
π∈Π

{H(π) + 𝔼π[r]}IRLψ(πE) ∈ arg max
r {−ψ(r) + 𝔼πE

[r] − max
π∈Π

[H(π) + 𝔼π[r]]}
Return .RL ∘ IRLψ(πE)



Reward learning is underspecified
Is there a reward that rationalizes the demonstrations?


Problems: 

•  rationalizes every policy.


• For any potential , the potential-shaped reward 
 also preserves optimal policies (Ng99).


• IRL contains RL in the inner loop!


Example:  gives  and .

̂r = 0

Φ : 𝒮 → ℝ
̂r (s, a, s′￼) = r(s, a, s′￼) + γΦ(s′￼) − Φ(s)

R′￼(τ) = Rθ(τ) + C Z′￼(s0) = eC/αZθ(s0) q′￼(τ) = qθ(τ)

Return .RL ∘ IRLψ(πE)

RL(r) ∈ arg max
π∈Π

{H(π) + 𝔼π[r]}IRLψ(πE) ∈ arg max
r {−ψ(r) + 𝔼πE

[r] − max
π∈Π

[H(π) + 𝔼π[r]]}



Perspective 1: skip reward learning
Use convexity of objective vs  to skip reward learning! (Ho16)


• .

pπ(s, a) = ∑
t≥0

γtℙπ(st = s, at = a)

𝔼π[r] = ∑
s,a

pπ(s, a)r(s, a) = ⟨pπ, r⟩



Perspective 1: skip reward learning
Use convexity of objective vs  to skip reward learning! (Ho16)


• .


• Each policy induces a point in the set of occupancy measures 

.


• Each such  corresponds to a policy, namely .

pπ(s, a) = ∑
t≥0

γtℙπ(st = s, at = a)

𝔼π[r] = ∑
s,a

pπ(s, a)r(s, a) = ⟨pπ, r⟩

𝒫 = p > 0 : ∑
a

p(s, a) = p0(s) + γ∑̄
s,ā

P(s ∣ s̄, ā)p(s̄, ā) ∀s ∈ 𝒮

p πp(a ∣ s) = p(s, a)/ ∑̄
a

p(s, ā)

 is convex.𝒫



Perspective 1: skip reward learning
Use convexity of objective vs  to skip reward learning! (Ho16)


• .


• Each policy induces a point in the set of occupancy measures 

.


• Each such  corresponds to a policy, namely .


• For each , .

pπ(s, a) = ∑
t≥0

γtℙπ(st = s, at = a)

𝔼π[r] = ∑
s,a

pπ(s, a)r(s, a) = ⟨pπ, r⟩

𝒫 = p > 0 : ∑
a

p(s, a) = p0(s) + γ∑̄
s,ā

P(s ∣ s̄, ā)p(s̄, ā) ∀s ∈ 𝒮

p πp(a ∣ s) = p(s, a)/ ∑̄
a

p(s, ā)

π 𝔼τ∼pπ(τ)[
∞

∑
t=0

γt(−log π(at ∣ st))] =: H(π) = H̄(pπ) := − ∑
s,a

pπ(s, a)log
pπ(s, a)

∑ā pπ(s, ā)



Perspective 1: skip reward learning
Use convexity of objective vs  to skip reward learning! (Ho16)


• .


• Each policy induces a point in the set of occupancy measures 

.


• Each such  corresponds to a policy, namely .


• For each , .

pπ(s, a) = ∑
t≥0

γtℙπ(st = s, at = a)

𝔼π[r] = ∑
s,a

pπ(s, a)r(s, a) = ⟨pπ, r⟩

𝒫 = p > 0 : ∑
a

p(s, a) = p0(s) + γ∑̄
s,ā

P(s ∣ s̄, ā)p(s̄, ā) ∀s ∈ 𝒮

p πp(a ∣ s) = p(s, a)/ ∑̄
a

p(s, ā)

π 𝔼τ∼pπ(τ)[
∞

∑
t=0

γt(−log π(at ∣ st))] =: H(π) = H̄(pπ) := − ∑
s,a

pπ(s, a)log
pπ(s, a)

∑ā pπ(s, ā)

 is strictly concave on .H̄ 𝒫



Duality
            IRL dual, policy form:  max

r
min
π∈Π

− H(π) + ⟨pE − pπ, r⟩ − ψ(r)



Duality
            IRL dual, policy form:  


    IRL dual, occupancy form:  

max
r

min
π∈Π

− H(π) + ⟨pE − pπ, r⟩ − ψ(r)

max
r

min
p∈𝒫

− H̄(p) + ⟨pE − p, r⟩ − ψ(r)



Duality
            IRL dual, policy form:  


    IRL dual, occupancy form:  


Occupancy-matching primal:  

max
r

min
π∈Π

− H(π) + ⟨pE − pπ, r⟩ − ψ(r)

max
r

min
p∈𝒫

− H̄(p) + ⟨pE − p, r⟩ − ψ(r)

min
p∈𝒫

− H̄(p) + ψ*(pE − p)

Convex conjugate: 
f*(y) = sup

x
(⟨y, x⟩ − f(x))



Duality
    IRL dual, occupancy form:  


Occupancy-matching primal:  


Example: If , then





becomes a hard constraint!

max
r

min
p∈𝒫

− H̄(p) + ⟨pE − p, r⟩ − ψ(r)

min
p∈𝒫

− H̄(p) + ψ*(pE − p)

ψ(r) ≡ 0

ψ*(pE − p) = {0 pE − p = 0
+∞ else



Duality
    IRL dual, occupancy form:  


Occupancy-matching primal:  


Example (GAIL): If  


then 


is the standard discriminator objective.

max
r

min
p∈𝒫

− H̄(p) + ⟨pE − p, r⟩ − ψ(r)

min
p∈𝒫

− H̄(p) + ψ*(pE − p)

ψGAIL(r) = {𝔼dE[r − log(1 − e−r)] r > 0
+∞ else

ψ*GAIL(pE − p) = ∑
s,a

p(s, a)log
p(s, a)

p(s, a) + pE(s, a)
+ pE(s, a)log

pE(s, a)
p(s, a) + pE(s, a)



Reward learning is underspecified
Is there a reward that rationalizes the demonstrations?


Problems: 

•  rationalizes every policy.


• For any potential , the potential-shaped reward 
 also preserves optimal policies (Ng99).


• IRL contains RL in the inner loop!


Example:  gives  and .

̂r = 0

Φ : 𝒮 → ℝ
̂r (s, a, s′￼) = r(s, a, s′￼) + γΦ(s′￼) − Φ(s)

R′￼(τ) = Rθ(τ) + C Z′￼(s0) = eC/αZθ(s0) q′￼(τ) = qθ(τ)

Return .RL ∘ IRLψ(πE)

RL(r) ∈ arg max
π∈Π

{H(π) + 𝔼π[r]}IRLψ(πE) ∈ arg max
r {−ψ(r) + 𝔼πE

[r] − max
π∈Π

[H(π) + 𝔼π[r]]}



Perspective 2: optimize reward as a fixed point
Recall the occupancy-matching primal problem: 


We can equivalently optimize over  (which is just the 
normalized version). 


For the choice of  as KL divergence (Diwan26):


Here, rewards are now Lagrange multipliers:


min
p∈𝒫

− H̄(p) + ψ*(pE − p)

dπ(s, a) = (1 − γ)pπ(s, a)

ψ*

max
π∈Π, d∈Δ(𝒮×𝒜)

{H(dπ) − βDKL(d∥dE)} s.t. d = dπ

ℒ(π, d, r) = H(dπ) − βDKL(d∥dE) + ⟨dπ − d, r⟩



Duality
min

r (max
π∈Π

{Hd(π) + ⟨dπ, r⟩} + max
d∈Δ(𝒮×𝒜)

{−βDKL(d∥dE) − ⟨d, r⟩})



Duality

= max
π∈Π

𝔼(s,a)∼dπ
[r(s, a) − log π(a ∣ s)]

= (1 − γ) max
π∈Π

(𝔼π[r] + H(π))

min
r (max

π∈Π
{Hd(π) + ⟨dπ, r⟩} + max

d∈Δ(𝒮×𝒜)
{−βDKL(d∥dE) − ⟨d, r⟩})

The optimum satisfies the Bellman equations:

 

 

Qr(s, a) = r(s, a) + γ𝔼s′￼∼P(⋅∣s,a)[Vr(s′￼)]
Vr(s) = log∑

a

exp Qr(s, a)

πr(a ∣ s) = exp(Qr(s, a) − Vr(s))



Duality

= max
π∈Π

𝔼(s,a)∼dπ
[r(s, a) − log π(a ∣ s)]

= (1 − γ) max
π∈Π

(𝔼π[r] + H(π))

min
r (max

π∈Π
{Hd(π) + ⟨dπ, r⟩} + max

d∈Δ(𝒮×𝒜)
{−βDKL(d∥dE) − ⟨d, r⟩})

Looks familiar?


d̃r(s, a) =
dE(s, a)exp(−r(s, a)/β)

𝔼(s̄,ā)∼dE
[exp(−r(s̄, ā)/β)]The optimum satisfies the Bellman equations:

 

 

Qr(s, a) = r(s, a) + γ𝔼s′￼∼P(⋅∣s,a)[Vr(s′￼)]
Vr(s) = log∑

a

exp Qr(s, a)

πr(a ∣ s) = exp(Qr(s, a) − Vr(s))



Duality

= max
π∈Π

𝔼(s,a)∼dπ
[r(s, a) − log π(a ∣ s)]

= (1 − γ) max
π∈Π

(𝔼π[r] + H(π))

min
r (max

π∈Π
{Hd(π) + ⟨dπ, r⟩} + max

d∈Δ(𝒮×𝒜)
{−βDKL(d∥dE) − ⟨d, r⟩})

Looks familiar?


d̃r(s, a) =
dE(s, a)exp(−r(s, a)/β)

𝔼(s̄,ā)∼dE
[exp(−r(s̄, ā)/β)]

Differentiate the objective vs : 
r

dπr
(s, a) − d̃r(s, a) = 0

The optimum satisfies the Bellman equations:

 

 

Qr(s, a) = r(s, a) + γ𝔼s′￼∼P(⋅∣s,a)[Vr(s′￼)]
Vr(s) = log∑

a

exp Qr(s, a)

πr(a ∣ s) = exp(Qr(s, a) − Vr(s))



Perspective 2: optimize reward as a fixed point
Solve:  r*(s, a) = β log

dE(s, a)
dπr*(s, a)

−β log Zr*

constant in (s,a)



Perspective 2: optimize reward as a fixed point
Solve:  r*(s, a) = β log

dE(s, a)
dπr*(s, a)

−β log Zr*

constant in (s,a)
We can ignore this due 
to reward shaping!



Perspective 2: optimize reward as a fixed point
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Perspective 2: optimize reward as a fixed point
Solve:  


Suppose iteration  has current reward  and 
occupancy . The fixed point condition 

gives the target 


But we can optimize for this with gradient 
descent!  

r*(s, a) = β log
dE(s, a)
dπr*(s, a)

−β log Zr*

constant in (s,a)

i ri
di = dπri

̂r i(s, a) = β log
dE(s, a)
di(s, a)

ri+1 ← ri − η(ri − ̂r i)

Figure from Diwan26



Conclusions
Perspective 1 (GAIL)


+ Cool framework for imitation learning 
with regularization. 
- At convergence, rewards are 0.5, and 
so they cannot be transferred. 
- Hard to scale adversarial training. 
- Needs on-policy data.

Perspective 2 (fixed point)


+ Cool geometric view. 
- Rewards are Lagrange multipliers and 
cannot be interpreted/transferred. 
- Needs online or a lot of offline data, 
else reverse KL  estimation is hard.dE /dπ


